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Abstract

Given a bounded doubly connected domain G C R?, we consider a mini-
mization problem for the Ginzburg-Landau energy functional when the or-
der parameter is constrained to take S!-values on OG and have degrees zero
and one on the inner and outer connected components of 0G, correspond-
ingly. We show that minimizers always exist for 0 < A < 1 and never exist
for A > 1, where A is the coupling constant (/A/2 is the Ginzburg-Landau
parameter). When A — 1 — 0 minimizers develop vortices located near the
boundary, this results in the limiting currents with d-like singularities on the
boundary. We identify the limiting positions of vortices (that correspond to
the singularities of the limiting currents) by deriving tight upper and lower
energy bounds. The key ingredient of our approach is the study of various
terms in the Bogomol'nyi’s representation of the energy functional.
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1. Introduction

We study vortices located near the boundary (hereafter referred to as the
near boundary vortices) that appear in 2D Ginzburg-Landau model when
the order parameter is constrained to take S'-values on the boundary of a
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domain. Such a boundary condition models perfectly superconducting state
of the system at the boundary. Following [5], we call this boundary condition
along with the natural one, the semi-stiff boundary conditions (Dirichlet for
the modulus of the order parameter and Neumann for the current, see details
below). Mathematically, semi-stiff conditions can be regarded as a relaxation
of S'-valued Dirichlet boundary data considered in the pioneering work [6]
and pursued in [1], [17], [19] among others. In contrast to the Dirichlet
boundary value problem, semi-stiff boundary conditions lead, in general, to
ill posed variational and boundary value problems.

More specifically, given a bounded domain G C R?, we consider the prob-
lem of finding critical points of the Ginzburg-Landau free energy functional

1 A 1
Fylu, A] = 5 /G(|Vu —iAul® + Z(|u|2 —1)*)dz + 3 /}R2 lcurlA*dz (1.1)

in the space (u, A) € J x H. (R?* R?), where
J ={ue€ H(G;C); |u] =1 a.e. on IG}. (1.2)

The unknowns in (1.1) are the map u : G — C (order parameter) and the
vector field A : R? — R? (the potential of magnetic field); A > 0 is a given
coupling constant (y/A/2 is the Ginzburg-Landau parameter). As shown in
[10] the space J, endowed with the strong-H' topology, is not connected. Its
connected components are obtained by prescribing the topological degree of u
on components of the boundary dG. It is natural then to seek critical points
of functional (1.1) by minimizing on the connected components of the space.
However, the existence of minimizers of the latter minimization problems is
nontrivial because of a possible lack of compactness of minimizing sequences.
This is due to the fact that the degree on the boundary is not preserved in
weakly-H' convergent sequences.

In the case of simply connected domain G the minimizers of (1.1) with
prescribed degree on the boundary were studied in [10] for the special inte-
grable (self-dual) case of the critical value A\ = 1 of the coupling constant.
Recently, in [4], this problem was considered for the full range of the param-
eter A (where the elegant self-duality argument no longer applies). It was
shown in [4] that
- minimizers with prescribed nonzero degree always exist for 0 < A < 1 and
never exist for A > 1 (for A = 1 minimizers exist but there are also minimizing
sequences that do not converge);



- in the limit A — 1 — 0 vortices of minimizers converge to certain inner
points of the domain, these points maximize a finite dimensional functional.

In this work we consider the simplest case of multiply connected domain.
Namely, we assume that G = Q \ w, where ), w are smooth bounded simply
connected domains in R?, and @ C Q. We consider the subspace Jy C
J consisting of maps u whose topological degrees on dw and 0f) are zero
and one, correspondingly. Note that, by a simple topological consideration,
every u € Jo1 has at least one essential zero (in the Lebesgue sense). The
variational problem we are interested in is

m(\) = inf{ F\[u, A]; u € Jo1, A € H..(R* R?)}. (1.3)

In this work we show that m(\) is always attained for 0 < A < 1 and never

attained for A > 1. The nonattainability of m(1), which stands in sharp

contrast to the case of simply connected domain, leads to a singular behavior

of minimizers as A — 1 — 0. Namely, near boundary vortices appear, and

their properties, primarily locations, are the main concern of this work.
Our principal result is

Theorem 1. Let 0 < A\ < 1 and let (u*, AY) be minimizer of (1.1) in Jo1 X
H} .(R*R?). Then we have, as A — 1 —0

loc

(i) u* has ezactly one zero (vortex) &*;

(ii) up to extracting a subsequence, £* — £ € 90 as X — 1 — 0 and &
minimizes |0V/Ov| on 092, where OV /Ov is the normal derivative of V
and V' is the unique solution of the (scalar) problem

{AV:V in G 14

V=0on0d andV =1 on dw;

(iii) the tangential component of the current j* = (iu*, Vu* —iA*u?) on 09
converges to 2mdg« in D'(0N2), where d¢« is the Dirac delta centered at
"

Remark 1. In the course of the proof of Theorem 1 we show that (u*, A*)

converges weakly in H'(G;C) x HY(G;R?) (for every bounded domain G)

to a limit (u, A) which is equivalent (modulo a gauge transformation) to a

trivial minimizer (u = const € S, A = 0). The singular behavior appears in

the currents, as stated in (iii) of Theorem 1.
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Note that the singular behavior of minimizers is rather unusual. In par-
ticular, it is different from the one described in [8], where a related problem
is studied in London limit of large A. Along with the prescribed degree of
the order parameter, a Dirichlet boundary condition for the tangential com-
ponent of the current is imposed in [8]. This yields a well-posed variational
problem for all A > 0, moreover, vortices of minimizers converge to inner
points described by a renormalized energy functional. The distinguishing
feature of (1.3) is that the tangential component of the currents exhibits
0-like behavior on G as A — 1 — 0, since vortices converge to the bound-
ary points (unlike in [8]). The normal component of currents is always zero
(insulating boundary condition), that is a natural boundary condition for
(1.3).

For the simplified Ginzburg-Landau functional (obtained by setting A = 0
in (1.1)) minimizers with prescribed degrees were studied in [15], [3], [2],
see also [16] for a related problem in another context. The results of these
works suggest that when there is an energy reason or a topological reason for
vortices to appear, minimizers do not exist. However, solutions with vortices
of the corresponding semi-stiff problem (local minimizers in the space J)
do exist for multiply connected domains, as shown in [5](see also [11]). The
vortices of the these solutions are located near the boundary and thus they
are similar to that described in Theorem 1.

While the variational techniques developed in [5] (in particular, the lower
and upper bounds) are sufficient to prove the existence of local minimizers
with vortices, they do not allow one to determine the locations of vortices
which is a key issue in the theory of Ginzburg-Landau type problems. For
inner vortices the variational methods of [6] lead to a renormalized energy
functional that captures limiting locations of that vortices. This approach,
however, is not readily applicable to the near boundary vortices.

In this work we develop alternative techniques of tight upper and lower
bounds for problem (1.3) that allow one to capture limiting locations of
vortices on the boundary as A — 1 — 0. We emphasize that these limiting
boundary vortices are seen in limiting currents rather than limiting order
parameter (unlike inner vortices that have been extensively studied in the
literature). The crucial point in our analysis is the following asymptotic (as
A — 1 —0) lower bound for the minimizing pair (u*, A*),

2(140(1))—m(1—N)6%|log 8| (1+0(1)) (L.5)

212 0V
A A > e v I
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where £ = £*(\) is the nearest point projection on 9f) of the unique zero
(vortex) & of u*, Kg is a positive constant (that depends on G only) and
§ is the distance from £ to 9Q (6 = J(\) tends to zero as A — 1 — 0).
This bound is complimented by the matching upper bound of the same form,
where £* € 002 and (small) § > 0 are parameters (local coordinates of a point
¢ € G near 0f2). Therefore, we can minimize the right hand side of (1.5)

first in 0 to get the asymptotic relation —logd = (1—3% & (&) *(140(1)),
and then in £* to show (ii) of Theorem 1. This yields also the following
energy expansion Fy[u}, A% = ﬂ—exp(—(l_‘i\#l\/lg(l—i—o(l))), where Mg =

min{|%—‘lf(§)|2;§ € 0Q}. Note that the problem of finding limiting locations
of vortices is nonlocal in the sense that we must minimize |%| on 0, while
%—‘lf(fﬂ depends on the geometry of the entire domain G (not only local
properties of the boundary 0 at &).

The external magnetic field is zero in the energy functional (1.1) (only
the induced magnetic field curlA is present). We refer to [18] and references
therein for the studies of models with nonzero external field.

This paper is organized as follows. Next section contains necessary pre-
liminaries. In Section 3 we derive an upper energy bound in terms of solutions
of a one parameter family of semilinear boundary value problems (3.3)-(3.4).
On the basis of this upper bound, in Section 4, we establish the existence of
minimizers of problem (1.3) for 0 < A < 1 (the approach there is similar to
that of [3]). In Section 4 we also show the nonattainability of m(X) for A > 1
by using the strong maximum principle and Hopf’s lemma. Sections 5 and 6
constitute the core of this work. We show there the optimality of the upper
energy bound for A — 1 — 0 by deriving the matching lower bound. To this
end we perform an asymptotic decoupling of the Euler-Lagrange system for
the minimizing pair (u*, A*) that leads to the study of a family of maps 6*
with harmonic components, constant moduli on the connected components
of OG, and satisfying the Cauchy-Riemann equations up to an error with con-
trolled (small) LP-norms (for p = 2 and p < 2). In Section 6 we prove a key
lemma (see Lemma 3), which describes maps 6* versus their ”projections”
on a family of holomorphic maps with prescribed zeros. Section 7 describes
vortices of minimizers and currents on the boundary. Finally, in Section 8
we use a linearization argument to get the explicit bounds of the form (1.5)
and complete the proof of Theorem 1.



. Preliminaries

In this paper we use the following notations and conventions:

Every closed curve is counterclockwise oriented. For such a curve 7
and v stand for the unit tangent and unit normal vector vectors, re-
spectively, that agree with the orientation ((v,7) is direct).

The complex plane C is identified with R?, so that if 2,y € C then
(z,y) = 3(zy + yz) and @ Ay = L(xy — yz) are the scalar and the
wedge products, respectively.

o 1,0 .0

Giver;a fixed (grthono;mal frame (1, 22) in R? 5 5(6’_x1 - za—@)
1
and 253 (8_561 + Zﬁ_xz) denote the classical Cauchy operators. For a

scalar (real-valued) function f, V1 f is the vector field given by V* f =
(—0f/0x9,0f /Oxy). For a vector field A, curlA = 0As/0x1 —0A,/Oxs.

If u € HY*(T';S") (where T is either 9 or Ow), then deg(u,T) is the
topological degree (winding number) given by

ou

1
d I')=— N —d
eg(u,I") 27T/Fu 5y s,

where the integral is understood via H'/2-H~1/? duality.

B,.(y) denotes an open disk with the radius r and the center at y.

One of the main properties of the functional (1.1) is its invariance under

gauge transformations u — e¢“u, A — A+ V¢ (where ¢ € HZ_(R?)). This
allows us to reduce the study of (1.1) to the functional (still denoted F)[u, A])

1

A 1
Fylu, A] = 5 /G(|Vu — i Aul® + Z(|u|2 —1)*)dz + 3 /Q lcurlA]?dz (2.1)

(see, e.g., [18]). Moreover, without loss of generality, we can assume that A
is in the Coulomb gauge, i.e.

(2.2)

divA =01in Q)
A-v =0 on 0.



Thus the minimization problem (1.3) can be equivalently restated as

m(\) = inf{F\[u, A]; u € Jo1, A € H(Q;R?) and A satisfies (2.2)}. (2.3)
Recall that
Jor = {u € HY(G;C); |u| =1 a.e. on 0G, deg(u,dQ) = 1,deg(u, dw) = 0}.

Critical points of F\[u, A] in J x H'(Q;R?), in particular, minimizers of
(2.3), are solutions of the system of Euler-Lagrange equations

—(V —iA)%u+ %u(|u|2 ~1)=0in G (2.4)
Jin G
~V*h = {0 - (2.5)

where h = curlA is the magnetic field (scalar real-valued function in 2D),
and

J = (iu, Vu — i Au)
is the current. Furthermore, h € H'(Q) and the following boundary condi-
tions are satisfied,

h
]u|:1,j-1/:00n8G,hzOon@Q,g—:Oonﬁw. (2.6)
T

We assume that dG € O, then we have u € C*(G;C) and A € C>=(G; R?).
This regularity property is established analogously [4]. We also have the
pointwise inequality

lu| <1in G,
which is a consequence of the maximum principle, since we have
Alul® = Mul*(Ju* = 1) + 2|Vu — iAu|* in G. (2.7)

The following energy representation plays an important role in the anal-
ysis of problem (2.3) and it is valid for every u € Jp; and A € H'(Q;R?),

F\Ju, Al =7+ Ftlu, Al + /|cur1A| dx——/ (Jul* = 1)%dx, (2.8)

where

2 _
Flu, A] —2/‘ ‘d + - /‘CurlA+| |2 1‘2dx. (2.9)

This representation is due to a remarkable observation of Bogomol'nyi [9]. A
detailed derivation of (2.8) can be found in [10].
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3. Upper bound construction

To obtain an upper bound for m(\) we introduce a family of testing pairs
(u®, A®) € Jo1 x H(Q;R?) that depends on the parameter ¢ € G (the
unique zero of u®). We are seeking u(® and A in the form

© | B+ i
WO = g© g0 = JEV+BTinG (3.1)
B~ in w,

with (@(®), E®)) minimizing F*[a, E] over (@, E) € Jo1 x H'(G;R?) such that
@(¢) = 0. To simplify the notations we suppress the dependence of B* on
the parameter &.

Clearly F*[a®, E®] > 0 and the equality F*[@¢), £€)] = 0 leads to the
system of the first order partial differential equations,

“©  BO _p® .
ag_ + =il = 0 and cwrl BO + S(J@OF —1) = 0in G, (32)
z

The latter system is reduced, by Taubes’ procedure (see [20]) of factorizing
%'®) into the product of the holomorphic part Ye(2) and the factor e?e/2 to
the following single second-order equation for ¢,

—Ape + [7e(2)]Pefe = 1 in G. (3.3)

In order to have |a®| = 1 on G, we supplement (3.3) with the boundary
condition
e = —2log |7¢(2)] on OG. (3.4)

We choose a special holomorphic map ¢ € H'(G;C) that satisfies

[7e| = 1 on 02, deg(e, 002) =1

[7¢| = const on dw, deg(e/|7Vel, Ow) = 0.
(3.5)

These conditions define ¢ uniquely, up to a constant factor of modulus one.

Moreover, if we fix a conformal map F from 2 onto the unit disk B;(0), and

set

0, .
a—;:OmG; Ye(§) = 0; {

CL&(Z) o f(z)—f(é)

C1-FE)F(2) >0



then o = log|y¢/ae| is a (unique) harmonic in G function satisfying the
boundary conditions g = 0 on 052, o = const — log |a¢| on Ow, and

/ 9% 45 — 0. (3.7)
ow

Thanks to the last condition, there exists a single valued harmonic conjugate
e € C(G) (8(;25 = z%) so that v = agexp(o¢ + i) satisfies (3.5). Next
we set

i®) = yee?e/? and B© = —%VLQOE. (3.8)

It is shown in [10] (Theorem 4.3) that there is a unique solution p¢ € H*(G)
of the problem (3.3)-(3.4).

Next step is the construction of B* in (3.1). Using (2.8)-(3.2) and (3.8),
we get

1 1
F\u® A9 =71 + 5 / (|B*]” + (curlB™)?) dz + = / lcurl B~|* dz
G

1 11—
t3 /G((|7§|26“"g —1)[B*] - T(I%IQe“"f —1)%)dz. (3.9)

Consider minimization in B* of the first line in the right hand side of (3.9).
This yields the following Euler-Lagrange equations

V+rht =B%in G and V*h™ =0 in w, (3.10)
and the boundary condition
h™ =0 on 09,

where h* = curlB*. Since A®) € H'(Q;R?) we also have the conjugation
condition
B* + E® = B~ on dw. (3.11)

The second equation in (3.10) implies that A~ = const, then in view of (3.11)
we obtain

lw|h™ :/h_dx :/ B~ -7ds :/ (B + E9) . rds, (3.12)
w Ow Ow

that is )
h™ = (BT + EY®) . rds.

|w’ ow



Since for the actual critical points of (2.1) curlA is continuous across dw, we
require that A" = h~ on dw. Then taking curl in the first equation in (3.10)
we arrive at the following boundary value problem

Aht =ht in G

h*™ =0 on 09
1

Wt=_— [ (BT +E9).7ds on dw.
|w| Ow

According to (3.10) we have BT - 7 = 0h™ /v on Ow. This yields

ht(z) = <KLG /8w E® -TdS) V(z),

where

Kg = |w| +/(|VV|2 + V¥ dz,
G

and V is the unique solution of problem (1.4). We now define B* by BT =
V+iht and B~ = Vyx + V4tpu, where i is a solution of

{A,u:h_ in w

3.13
0t = (BT + E®) . 7 on ow, (3.13)

and Y € H?*(w) is a function satisfying the boundary conditions x = 0
and % = g—’; on dw (for the sake of definiteness we may assume that y
solves A?y = 0 in w). Existence of a solution p € H*(w) of problem (3.13)
follows from (3.12). Then we have B~ -7 = % 4+ % = (B* + E®) . 7 and

B*-V:g—f—gi‘—Oonﬁw Whlle(B++E()) :;&of_ag:_o
on dw (since g, ht = const on dw). Thus A® deﬁned by (3.1) belongs to
H'(Q;R?).

We have constructed (u(®), A(@) which is an admissible testing pair, up
to a gauge transformation, for the minimization problem (2.3). A straight-
forward calculation of Fy[u(®, A®)] that takes into account (3.9), yields the

following upper bound,

1 2
m(\) < Fu®, A©] = 7 4 — (/ A TdS)

2Kq
1 200¢ _ 1)|BTI2 — 1-A 2ove _ 1)2d
v (w e — |BYE = = (helfer — 1)
8905 1—A 2 2
< — d - Ye —1)°d 3.14
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where we have also used the pointwise inequality |y¢|?e?¢ < 1 in G which can
be obtained by applying the maximum principle to the problem (3.3)-(3.4)
(see Remark 4 in Section 8). The asymptotic behavior of the right hand side
I(&,N) of (3.14) as & — 0Q will be studied in Section 8. Namely, it will
be shown that, if £* denotes the nearest point projection of £ on 92 and
d = [€* —£] is small, then

I(EN) =7+ —52 (€))7 = 7(1 = A)6| log 6] + 0(62 + 67| (1 — A) log 8]).

|al/

(3.15)
Letting § — 40 in (3.15)(i.e. £ — 09Q), we get
m(\) <, for every A > 0, (3.16)
and
m(A) <, for every 0 < A < 1. (3.17)

4. Existence/nonexistence of minimizers

Bounds (3.16)-(3.17) allow us to resolve the question of attainability of
the infimum m(A) in (2.3). We make use of the following result, which is a
straightforward adaptation of Lemma 1 from [3].

Lemma 1. Let (u™, A™) € Jo x H'(;R?) be a sequence such that (u™, A™) —

(u, A) weakly in H'(G;C) x H'(Q;R?), then uw € J and
lim inf Fy[u™, A®™] > Fy\[u, A] 4+ 7 (|deg(u, Q) — 1| 4 |deg(u, dw)]).

n—oo

Theorem 2. (i) The infimum m(X) is always attained for 0 < X\ < 1, (ii)
m(A) is never attained for X > 1.

Proof. (i) follows easily from (3.17) and Lemma 1. Indeed, let (u™, A™) be
a minimizing sequence. By (3.17) this sequence is bounded in H 1(G, C) x
H'(Q;R?). Thus, up to extracting a subsequence, (u™,A™) — (u,A)
weakly in H'(G;C) x H'(Q;R?). We need only to show that u € Jp;. To
this end, applying Lemma 1 we get

m(\) = liminf F\[u™, A™] > F\[u, A] + 7|1 — deg(u, 0Q)| + 7|deg(u, dw)|.

n—oo

Since m(A) < m, it follows that deg(u,0?) = 1 and deg(u,dw) = 0, i.e.
u € Jor.

11



Let us now show (ii). Assume by contradiction that (u, A) is a minimizer.
By (2.8) and (3.16),

m(A)z%%—Fﬂu,A]—l—%/

w

-1
(curlA)? dz + )\T / (|ul* = 1)*dz < 7.
a

Since A > 1, we have

0 A — A
a—g = “T2u in G, and curlA =0 in w. (4.1)
The first equation in (4.1) yields the following relation
Olul”

ou
—2UN—+2A-7=
5 u/\aT+ 7 =0 on Jw,

therefore, according to the second equation in (4.1) and the fact that deg(u, dw) =
0,

2
/ Olul ds = 4ndeg(u, Ow) — 2/ curlA = 0.
Ow ov

w

On the other hand, by (2.7), (|u|*> — 1)/2 solves

A'“‘Z_l _ )\\UPWT_l = |Vu — iAul? in G
‘“IQT’l = (0 on 0G.

By the (strong) maximum principle and Hopf’s lemma we have, either |u| = 1
2

in G, or Jul| < 1in G and %Lyl < 0 on Jw. It follows that |u| =1 in G and

therefore u & Jo;1. m

5. Lower bound

The upper bound construction of Section 3 provides the existence of min-
imizers (u*, A*) of problem (2.3) for every 0 < A < 1. In this section we
show the optimality of this construction for A — 1 — 0. Namely, we prove

Lemma 2. There exists a point £ such that £ — 9Q as A — 1 — 0 and

1 Oper 2
m(A) FA[U’A]_W+8KG</(9M 5 ds)

1—A

(1 +o(1)—= /G (e Pe?e — 1)%da, (5.1)

where Yex, @ex are defined by (3.5) and (3.3)-(3.4) with & = &*.

12



Proof. To get the result we study, in several steps, the asymptotic behavior
of minimizers (u*, A*) as A — 1 — 0. As the first step we show that

J¥* = const € S such that u* — U — 0 weakly in H'(G;C), (5.2)

A* — 0 strongly in H'(Q; R?). (5.3)
By the Sobolev embedding (5.2) will imply that

/(|M|2 —1)*dx — 0. (5.4)
G

Thus, we can introduce a small positive parameter

1—A

c(=e) = (> /G(|u’\|2 - 1)2dx>1/2, (5.5)

such that
e?/(1=2) =0,

and write Fy[u*, A as (cf. (2.8))

1
Fyut, A =7+ Ftut, AN + 5/ |curl A*|? do — 2. (5.6)

w

Proof of Claim (5.2)-(5.3). According to (3.17) we have Fy[u*, A*] = m(\) <
7, therefore ||u||g(g.c) < C and ||AM| g1 re) < C with C independent of
0 < A < 1. Thus, up to extracting a subsequence, (u*, A*) — (u, A) weakly
in HY(G;C) x H'(Q;R?) as A — 1 — 0, where u € J. We have

Filu, A] < lirn inf 1 [u*, AY] = lim inf F[u?, A%],

—1-0 A—1-0
and, for every v € Jy; and B € H'(Q; R?) satisfying (2.2),
F\ut, A =m()\) < Fy[v, B] VO <\ <1,

therefore Fi[u, A] < Fi[v, B]. The infimum in (2.3) for A = 1 is never at-
tained, hence u ¢ Jp1. Thus |1 — deg(u, 0Q)| + |deg(u, dw)| > 1, and we
have

> l)i\I—I}liPOf F\[u*, A = lir—r}fflof F[ut, AN > Fifu, Al + T,

13



where we have used Lemma 1. We see that Fj[u,A] = 0, hence u =
const € S'. This shows (5.2). To prove (5.3) we note that ||A*| g1 (ore) <
C|lcurlA*|| 12y (with C' independent of ), thanks to the gauge choice (2.2

~—

Then (3.16) and (5.8)-(5.6) imply that ||A*|more) — 0as A —1—0. O
Step II (A priori bounds). By (3.17), (5.6) and (2.9) we have
o Ay —iAY 2
2 2 _—LuMTde <€ :
/G|8Z+ ) u de < €2 (5.7)
/(w?dx <2e2 B < 2¢2/Jul, (5.8)
G

where

1
v = curlA* + §(|u’\]2 — 1), h)\(= const) := restriction of curl4* to w.
In Section 3 we have constructed testing pairs (u(), A@)) in a gauge such
that divA® = 0in G and A® - v = 0 on OG. Now let us pass to such a

gauge for minimizers (u*, A*) (A* was previously assumed to satisfy (2.2)).
To this end consider a solution 1* of the problem

{ AY* =0in G

A A
% = 0on0f, %= =—-A" v on dw.
14 v

Note that A*+ Viy* — 0 strongly in L?(G;R?) as A — 1—0, thanks to (5.3).
Extend ¢ inside w so that * € H?(Q), and perform the gauge change
= et AN = AN+ Vir. The new A* still belongs to H(€2; R?) and

divA* =0in G, A*-v =0 on 09 and Jw. (5.9)
Additionally, we have
| AM|r2(arz) — 0 as A — 1 — 0. (5.10)

Step III (Asymptotic behavior of v* = curlA* + 1(|u*|* — 1)). Note that the
Euler-Lagrange equation (2.5) implies that

ot — oud A —iA
— 2 1 u>\

=5 =M G5+ ) in G. (5.11)
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By taking % of (5.11), on account of equation (2.4), we get

out Ag\—iAfu)\ 2 1-A

Av* — [u Pt =4 FE + 5 + T(l — [u*?)|u*? in G
v* =0 on 00
v* = h) on dw.
(5.12)
Set
=V (5.13)

where V' is the solution of problem (1.4), then

_ 4 au)‘_i_Aé\—iAi‘uA?
0z 2
L=A 5 A2 A2y, )
+ = ) = A= )t in G,

A =) — (v = %)

and v» — ¢ = 0 on G. Owing to (5.7), the first bound in (5.8) and the
pointwise inequality |u*| < 1in G, we can estimate the L'-norm of the terms
in the right hand of the equation as 22, (2(1—\)|G|)"/%¢ and 4¢2/(1-\)'/?(=
o(¢)), respectively. Therefore, by using well known estimates for elliptic
equations with right hand side in L' (see, e.g., [13]), we find, as A — 1 —0

1
EHU)‘ — 0M|wrpg) — 0 for every 1 <p < 2. (5.14)

Step IV (Change of unknowns). We represent A* and v’ as
. 1 .
AN =WV 4 B = IVHV — SVt and ut = e (0N + w),

where A, is the restriction of curlA* to w; V is the solution of problem (1.4);
@ is a function which takes constant values on the connected components
of OG and satisfies a certain partial differential equation (see problem (5.19)
below); 6* satisfies AG* = 0 in G; w” vanishes on OG and has a negligibly
small H2norm (of order o(¢)). We will also get a lower bound for F)[u*, A]
in terms of k), @, 0* and w?.

We begin the aforementioned transformations by setting

EN = AN -V = AN — VY (5.15)
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Then, using (5.11) we obtain

X . S 1=
F\[u*, B = Fy[u}, AN = m + FT[u, B — — (Jur* = 1)*dx
G

ot or O? N
+4/G(82_82’82>dx+/g(v — o) de
+1/(|V@A|2+(@A)2)dx+1/|h3|2dx

2 G 2 w

+1/ (VoM 2(1 — [u? ) dz. (5.16)
2 Ja

Due to the facts that A?* = 9" in G and v* = 9" on G, representation
(5.16) is further simplified to

Bl AY(= B, BY)) = 7+ B - 202 / (0 = 1) de
G

+(hTW(KG+/G|vvy2(1—\u*P)dx). (5.17)

Note that, in view of (5.9),(5.13) and (5.15), divE* = 0in G and E*-v = 0
on OG. Therefore there exists a potential ¢* such that

—=V+@h, (5.18)

and ¢* takes constant values on 02 and dw. Due to the fact that ¢* is
defined up to an additive constant, we can assume that the constant value
of ©* on 9 is zero. Then ¢* is the solution of the boundary value problem

—A@Q* = 2curl B* = 2(v* — ) — [u 2+ 1in G

¢ = 0 on 09 (5.19)

¢ = a* on Ow,
where o is some constant. Since V@ = 2|EA| — 0 strongly in L*(G)
(by (5.10), (5.15) and the second bound in (5.8)), we know that a* — 0 as
A — 1 —0. We also know that for every ¢ > 1 the L9-norm of the right hand
side in the above equation vanishes when A — 1 — 0, as follows from (5.4),

16



(5.14) and the pointwise inequality |u*| < 1 in G. Then by elliptic estimates
we have

¢ — 0in W24(G) (Vg > 1) and, in particular, in C*(G). (5.20)

This fact plays an important role in the further analysis.
Now introduce

O = e 2 (5.21)
Observe that
o oz ot Ey —iE} 5 0 00
a—é = —EQ’\ + ZEi\ and therefore 5; 4 2 2Z Loy = es@*ﬂg'
Since u* minimizes (5.17) with respect to its own boundary data, * satisfies

the following equation

0, 0 - -y A .
P A\ A - A2 _ (HA)2 2\ 7 A :
482 (e 829 ) = (curlE* + 2(|u > —1) — (h})*IVV[*)e” 6" in G.

Next we pass from 6* to 6*, which satisfies AG* = 0 in G, by setting
0 = 6 — w, (5.22)
where w? is the unique solution of the equation

<A 90\ B -
Auw = —436%% + (curlE* + %(WP —1)— (h))*IVV]*)0* in G, (5.23)

subject to the boundary condition
w* =0 on OG. (5.24)
By the very definition of §* we have the following properties,

AP =01in G; (5.25)
|0*| =1 on 09 and deg(#*,00) = 1; (5.26)
0| = exp(—a*/2) on dw, deg(6”/]6*|,0w) =0
(note that exp(—a’*/2) — 1 as A — 1 — 0, according to (5.20));
(5.27)
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Let us show that 6* also satisfy
9>\
/‘a ‘ dz < Ce?. (5.28)

Indeed, we observe that

06> owr o, Oud E) —iE)
oYY /2 2 1.2
9z oz ((92 te )
5 out A’\—ZAA 1%
—3*/2 2 A " 9
(az+ 5 haz ). (5.29)

Then (5.28) immediately follows from (5.7)-(5.8), (5.20), the pointwise bound
lu*| < 1in G and the following claim,

1
“|lwM a2y — 0 as A — 1 —0. (5.30)
9

Proof of Claim (5.30). Since w” is a solution of problem (5.23)-(5.24), we
have, by elliptic estimates,

[y < C (10802 (6:0)106* /02| 26y

-1
+ [leurl B + §(IUA|2 ~ Dllzz) + (1= M = e + (53)%),

where we have also used the poinwise bound 0| = e=#"/2|u}| < e=¢"/2 < O
in G (cf. (5.20)). Thanks to (5.7) and the second bound in (5.8), (5.15),
(5.20) the following results hold,

H 0™

ow  E} - z’ElAuA’

< e Pl |
L?(G;C)

=0
L2(G;C) (€)
and [|09* )0z o) — 0 as A — 1 — 0, also (1 — A)||[u*? — 1| 2() = o(e)
and |h)| = O(e). Besides curlE* + 1 ([u*|? — 1) = v* — 0* while (5.14) implies
that |[v* — 9*||z2(q) = o(¢) (by the Sobolev embedding), and we are done. 0

Finally, we note that, in view of the pointwise inequality |u*| < 1 in G,
(5.17) leads to the lower bound

K
F\[u, A% >7r—|——G(h’\) ——/ (210" + W —1)°dz.  (5.31)

Step V (Identification of 6*, @*). The following result is crucial.
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Lemma 3. The properties (5.25)-(5.28) of 0 imply that

(i) 0> has exactly one zero € when A\ — 1 — 0 and & — 09); moreover,
there are constants Cy,Cy > 0 such that

Cilyer| <10 < Calyen| in G,
where Yex is defined by (5.5) with & = £;
(i) if, in addition,
1
~106* /0% occ)y — O for some p > 1, (5.32)
€
then

log 67| — log |yex| = o(e) on Ow
and there is 9 such that [9*| < Celya| in G,

H9*lza) = o(e),  [10g(16* = 9*|/IvexDza() = ole), g = 1.

Remark 2. Maps vex in Lemma 3 can be regarded as projections of 6> on the
(rigid) family of holomorphic maps defined by (3.5). Note that the constant
value of |ye| is uniquely determined by the zero & of v¢. Thus, Lemma 3
allows, in particular, to reconstruct the unknown constant value of |0*| on
Ow via the unique zero £ of 0* (up to a negligibly small error). Additionally,
it follows from Lemma 3 that || [0** — |vex|? || La(a) = o(€) for every g > 1.

The proof of Lemma 3 is presented in Section 6. Let us show that 6
satisfies condition (5.32) of Lemma 3. We note that, by (5.11) and (5.29),

90wt e P2\ L0
— — [u*==| when |u*| > 0.
82+82 |ur| 10z |u|az when [u7} > 0
Due to (5.28), (5.30) we also have H%|%L; + ag’;| HLQ(G) < C. On the other
hand,
1o, ,00% _ 1jov o> A hA OV
ol P il I e A BT _w_‘
b G B b R G UaR -

and the right hand side converges to zero in measure, as follows from (5.4),
(5.14) and the second bound in (5.8). Then, using (5.4) and (5.20), we
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A A .
see that %|% + 88%| tends to zero in measure as A — 1 — 0. Therefore

H%|%i; + %L;| HLP(G) — 0 for every 1 < p < 2. Finally, we make use of (5.30)

to conclude that condition (5.32) is satisfied.
Using Lemma 3 we can identify the constant o in problem (5.19),

ot = —21og |76 ()] + & (J7er| = const on 99Q),

with the remainder x* satisfying
1
gW —0as A —1-0. (5.33)

Next, we identify ¢* by the following
Lemma 4. Let £ be the unique zero of 0* (cf. Lemma 3), then

™ — @ex||H2(q) = o(e) as A — 1 -0,
where pex s the solution of problem (3.3)-(3.4) with & = &*.

Proof. Set
fr=¢t =K,

where U is the unique solution of the equation AU = 0 in G subject to the
boundary conditions U = 0 on 9 and U = 1 on dw. Then f* satisfies
—Af =200 =) — 2P + w2+ 1 in G (cf. (5.19), (5.21), (5.22)).
Therefore, after simple calculations, we get the following boundary value
problem for f*,

~Af + yeal?e! =147 in G
f* =0 on 90 (5.34)
= —2log|yer| on Ow,

where
=20 = 5) + (Jye PV — |00 — 92 2) e
— (|9 + WP+ 2000 — 9N, 9 + M) e, (5.35)

and ¥ is as in Lemma 3. Let us show that L?norm of r* is negligibly
small. To this end we use (5.14) and the Sobolev embedding for the first
term of (5.35); for the last term we make use of statement (ii) of Lemma 3
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and (5.30) in conjunction with the Sobolev embedding; finally, the middle
term we represent as

((e—,&U 1) - (e2log(|9**19*\/lvgl) _ 1))|%A|2€¢A

and estimate it with the help of the elementary inequality |ef — 1| < |t|ef,
Lemma 3, (5.20) and (5.33). As the result we get the following bound

1Ml 22 () = o(e). (5.36)

This bound allows us to estimate the H'-norm of the function f* — pex. We
have —A(f* — per) + |’}/€)\|2€f)\ — |yer[2e?e* = r* in G. Multiply this equation
by f* — ©ex to get, after integrating by parts,

/G V(= pe) e < /G PP = porlda

where we have used the monotonicity of the operator ¢ +— |’7§>\|2€¢ and the
fact that fA — pex = 0 on JG. Tt follows that

HfA — @ex|| () = o(e). (5.37)

Next we show that the H'-bound (5.37) in conjunction with an L-
estimate for f* (following from (5.20) and (5.33)) yield |A(f* — e )| r2q) =
o(e). By elliptic estimates this will imply that

1/ = eerllmzie) = ole). (5.38)

In order to estimate A(f* — @) we write

1
_ A
CAGP — o) = 1 — ral? / (F — per)el=05 400 gy,
0

to get, using the obvious pointwise pointwise inequality |yex| < 1in G,

1
_ A
I8Gee+ Pl < [Pz + [ 117 = eole™07 190y g

1
A N
<Pl + 1 = gl = [ 1o
0
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Thus, in order to accomplish the proof of (5.38), it suffices to show that

sup ||exp(2t(per — ) HLQ(G) remains bounded as A — 1 —0.  (5.39)
te(0,1]

Indeed, according to (5.36) and (5.37) we have ||r*||r2q), [|f* — @l s =
o(e), while || [z < @M~ + [EMIU]lze@ — 0, as follows from
(5.20) and (5.33).
It is straightforward to verify that for any ¢ € H*(G), ¢ # 0, and any
Cl >0
9]

Cl||¢||H1(G)

On the other hand, as shown in [14] ( Chapter VII), there are C,Cy > 0
such that

exp(2/9]) < exp(C1l6]3) exp( 5 ) in G- (5.40)

9]
/exp(01||¢|| )deC’g for every ¢ € H'(G), ¢ Z 0.

Therefore, integrating (5.40) over G, we get || exp(d)||12(q) < Cexp(Ci| 9|15
Then (5.37) implies that (5.39) does hold, and thus (5.38) is proved. Finally,
since * = f* + k*U and k* = o(¢), the claim of the Lemma follows. O

Step IV (Derivation of the lower bound). Using (5.15), (5.18) and the defi-
nition of ), (h}) is the restriction of curlA* to w), we get

1 o A A\ ov A ov A
—3 N Eds—/wcurl/l dz—nh;, o —ds=nh (|w|—/8w ayd8> = h,Kg

Hence, by Lemma 4,

1 &p A 2
(B)? = 4K2< ) o ds) +o(e?). (5.41)

It is not hard to show also that, by (5.5), (5.21)-(5.22), (5.30), Lemma 4 and
(ii) of Lemma 3,

1—A . 1—A
S p— / (e“"A\H’\jLw)‘F— 1)2dx =(14+o0(1))— / (|yer[Pe?e —1)2dx.
8 Ja 8 Ja
(5.42)
Now substitute (5.41) and (5.42) in (5.31) to get (5.1). Lemma 2 is proved.
[l
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6. Proof of the key lemma

This section is devoted to the

Proof of Lemma 3. In the proof we will repeatedly make use of the formula

/|Vu|2dx— /’

+ 7(|u(0) |Pdeg(u/|ul, 0Q) — |u(dw)|*deg(u/|u|, Ow)), (6.1)

that is valid for any v € H'(G; C) satisfying |u| = const > 0 on 9 and on dw
(with possibly another constant). To see (6.1) one integrates the pointwise
identity

2

ou ou 110u|2
2 _pou ou  Ljdu
Vul =25 =N 5 35152

:83851(”/\552)_8?:2(U/\88:Z)+% %

over GG and applies the divergence theorem.
We first show

Lemma 5. We have
02 — 1 strongly in L*(G) as A — 1 —0 (6.2)
and )
VO — 0 in Cioe(G; C?). (6.3)
Proof. Since 0 satisfies A#* = 0 in G, we have
A|0M? = 2|VO*? > 0in G. (6.4)

Then, by the maximum principle, |0*| < max{l,e‘o‘A/Q} in GG. Besides, by
(5.28),

/]V@’\]2 r=7+ - /’ | dz < 7+ C&?, (6.5)

where we have used formula (6.1). It follows that [|6*|z1c.c) < C with a
constant C' independent of A. Therefore, up to extracting a subsequence,
0> — 0 weakly in H'(G;C), and |0] = 1 on dG. Moreover, in view of (5.28)
and (6.5),

/‘ ‘d =0, ie. %—OmG
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and

1
5/ IVO|* dz < 7. (6.6)

It follows that 6 = const € S'. Indeed, since ge = 0 in G, it suffices to show
that [§] = 1 in G. We have A|§]* = 2|V9|2 +2(A0,0) = 2|VO*> > 0 in G
and |0 = 1 on 0G. If we assume that |#] #Z 1 in G, we obtain, by using
Hopf’s lemma, that 8|0| > (0 on 0f) and 8|9| < 0 on Ow. The equatlon =0
in G implies that (9/\‘99 = % > 0 on 89 andu/\‘% = % < Oon &,u,
consequently deg(6, 89) > 1 and deg(f, 0w) < —1. Hence by using formula
(6.1), we get

1

5/ IVO|* dz = ndeg(f, 0Q) — mdeg(, Ow) > 27,
G

and thus obtain a contradiction with (6.6). We have shown that, up to
extracting a subsequence, 0* — const € S weakly in H(G;C) as A — 1—0.
The statement of the Lemma follows by the Sobolev embedding and elliptic
estimates. O

We next study the pointwise asymptotic behavior of |0*] to get the
Proof of (i) of Lemma 3. Since deg(6*,09)) = 1 and deg(6*/]0*|, 0w) = 0,
0> has at least one zero in G. Let £* be a zero of 6* nearest to 9 then, by

(6.2)-(6.3),
= 00as\—1—0.

Let us prove that & is the unique zero. To this end we first show that
other zeros (if exist) are localized near &*. We use the coarea formula of
H. Federer and W.H. Fleming (see, e.g., [12]) to compute

max{1, exp(—a*/2)}
/ 11— |02 |V]0*| dze :/ dt/ |1 — % dH*,
¢ 0 {w:[0 (z)|=t}

where H! is 1-dimensional Hausdorff measure on R?. On the other hand, by
the Cauchy-Schwarz inequality, (6.2) and (6.5), we obtain

[ 1= 18RI de < L 0Py — 0as A= 10,
G
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It follows that there is a regular value t* € (4/5,6/7) of |0*| such that
H({z € G;|0* = t*}) — 0, as A — 1 — 0. (Note that by Sard’s lemma
almost all ¢ € (0, max{1, exp(—a*/2)}) are regular values of |#*|.) Set

™ = {2 € G;|0*| < t},

then, assuming that 1 — X\ is sufficiently small, the boundary 0T of T*
consists of a finite collection of k(= k()\)) closed curves enclosing simply
connected subdomains @y, . . ., @, of G, where w@; is a subdomain containing
€. By the (strong) maximum principle applied to (6.4) we have |0 < t*
in each wjf\. This means, in particular, that these domains are disjoint.
Moreover, the following Lemma shows that for sufficiently small 1 — A we
have

0% > 1/5 in T\ @. (6.7)

Lemma 6. Let @ be a simply connected domain with a smooth boundary
and let v € H'(w,C) satisfy Av =0 in w and |v| > 4/5 on dw. Then, if
lu(y)| < 1/5 at a point y € w, we have

1 3
§/W|Vv|2dz > g

Proof. Since the equation Av = 0 and the Dirichlet integral are conformally
invariant, we can assume, without loss of generality, that w = By and |v(0)] <
1/5. Then

v = ’U(O) + Z kak + Ckgk in Bl(O),
k=1

and the Dirichlet integral is expressed as

1 o
5/ |VU|2dJZ=7TZk‘(|bk|2+|Ck|2),
@ k=1

while
16 1 2 2\ 2 2
5" 5/81 [vf* ds = m(Ju(0) +k§_;<rbk| + lenf?).
1 16 1 3
Therefore 5] |Vo|? dz > 7?(2—5 — %> = % O



Proof of (i) of Lemma 3 completed. Lemma 6 in conjunction with (6.5) imply
that zero £* lies in @), when \ is sufficiently close to 1. Besides, according
to (6.7),

0Y] > min{ inf |0, inf Wy} >1/5in G\ @,
T \w) G\T>

In order to study 6* in w, we perform the rescaling by means of the

conformal map ag, given by (3.6). Prior to that we extend 6* into w in
order to have (0% =), [0 m1@c) < C with C independent of A (it is
possible because of L>*- and H'-bounds already established in the proof of
Lemma 5). Set

O*(¢) = 0 (agi (¢)).
Thanks to the conformal invariance of the Dirichlet integral we have ©* €
H'(B1(0);C) and [|©*| a1, (0):c) < C. Moreover, ©* satisfies AO* = 0 in
agr(G) and ©2(0) = 6*(¢*) = 0. Without loss of generality we may assume
that %(O) is real and % (0) > 0 (this always can be achieved by multiplying
6> by a constant with modulus one). We claim that

©*((¢) — ¢ weakly in H'(B,(0);C) as A — 1 — 0.

Clearly, up to extracting a subsequence, ©* converges to some © weakly
in H'(B1(0);C) as A — 1 —0, and |©] = 1 on S! = 9B;(0). One easily
checks that |ag(z)| — 1 uniformly on w as £ — 09, therefore for any fixed
0 < r <1 we have agAl(Br(O)) C G when 1 — ) is sufficiently small. For such

A, O satisfies A©* = 0 in B,(0), consequently elliptic estimates imply the
following convergence result,

©* — © in C*(B,(0);C) for every k > 0. (6.8)
We have, in particular,

00 00*
- . A o _ .
0(0) = /\Erlrlo@ (0) =0 and ac (0) = AEISO ¥ (0) > 0.

Besides, using (6.5) we see that

/ IVO[?d¢ = lim lim/ VO ?d¢
B1(0) r—1—-0A—1-0 B, (0)

= lim lim IVOA? dz < Anran/ |VOM? do < 27, (6.9)
—=vJa

r—1-0A—1-0 ag;(Br(O))
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On the other hand A® = 0 in B;(0), as follows from (6.8). Hence © can be
represented as © = > (bC" + ¢,C*), and we can compute

/ |V6\2dg“—27r:/ \V@Pdg—/ O[2ds = 21 S (h=1) (e *+ew ).
B1(0) B1(0) st —

Then (6.9) holds only if by = ¢, = 0 for k > 1, i.e. © = b;( + ;. Since
[b1]* + |er* = 1, b1 = §2(0) > 0 and

1 2 4 6>
=2 [ |22 ac= m 2/ i
™ JB, 500 OC AP0 oSty (o)) 07

we conclude that O(¢) = (.
Now from (6.8) we see that wy C agkl(ng(O)) when 1 — \ is sufficiently

small (since |0*| = t* on dw) and t* € (4/5,6/7) while
min{|0*(x)[: = € dagy (Brs(0))} — 7/8);

(6.8) also implies that |©*(¢)] = [¢](1 4 o(1)) in B75(0) as A — 1 — 0, or
0| = |agr|(1+0(1)) in agAl(BWS(O)), where o(1) stands for a function whose
L*>-norm vanishes in the limit. On the other hand, by (5.27) and (6.7), we
have log(1/5) < log |6* < max{0,—a*/2} < C in G\ w). Thus £ is the
unique zero of *. Moreover C|ag| < |6*| < Calag| in G for some constants
0 < €1 < (5. In remains to note only that |ye| admits the factorization
Iver| = Jagx]| exp(ogn) (see Section 3) and g — 0 uniformly on G when
& — o00. 0

2

d¢ =0 (by (5.28)),

Let us next introduce ¥ satisfying the requirements in (ii) of Lemma 3.

Since the unique zero &* of 6* tends to 9Q as A — 1 — 0, we can assume
that ag)\l(Bg/g(O)) C G. Rescaling #* as above, ©*(() = QA(agf(C)), we
have A©, = 0 in Bg/y(0) and ©*(0) = 0. It follows that ©* admits the
representation

OMC) = Y (biaC* + cuaCh) in Byjo(0).

k=1

o0

We set 9* to be the antiholomorphic part of ©,
P = ch,,\étk,
k=1
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and show that .
[9M(Q)| < Cel¢] in Brys(0), (6.10)

V9| < Ce in By s(0). (6.11)

Both these bounds follow from the estimate |cx\| < C(9/8)ke, where C is
independent of k£ and €. The latter estimate is verified as follows,

0 A A
ka(8/9>2k|ck,A|2:/ 0O ‘ d¢ < /‘ae ] da,
k=1 38/9(

due to (5.28) the right hand side is bounded by C&?.
Now introduce ¥ by

19’\(z) = o (agx (:z:))@g’\(a@(x)),
where o is a smooth cut-off function such that

o _ 1 lfC € Bl/4(0)
<C) { 0if ¢ & 31/2(0).

Lemma 7. We have

|92 (2)] < Celyen(2)] in G, (6.12)

/ (VAN x)|? dz < Ce? and / |VIA ()P dz = o(£P) for every 1 < p < 2,
€ G

(6.13)
0

ﬁ(e — ') = 0 in ag (B1/4(0)). (6.14)

Proof. Bound (6.12) follows from (6.10) and the pointwise inequality |ae| <
[Yex| in G (this inequality can be easily derived from the constructive defi-
nition of || given in Section 3); (6.14) is a straightforward consequence of
the very definition of . To show the first bound in (6.13) we argue by the
conformal invariance of the Dirichlet integral,

[vr@ra= [ [P

G B1/2(0)

and make use of (6.10)-(6.11). Finally the second bound in (6.13) follows
from the first one and the fact that the measure of supp(|V¥*|) tends to zero
as A —1—-0. O
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Note that the second bound in (6.13) in conjunction with the fact that
¥* = 0 on OG imply, by the Sobolev embedding, that ||9*||raq) = o(e) for
every ¢ > 1. In order to complete the proof of (ii), we need to estimate
log |s*|, where

s* = (0" — 9) /e

Observe that 0 < C; < [s*| < Oy when 1 — X is sufficiently small, which
follows from (i) and (6.12). We also have |s*| = 1 on G and |s*| = const > 0
on dw, moreover deg(s*, ) = deg(s/|s*|,0w) = 0. Thus, we can fix a
single-valued branch of log s* on G, and set

1
S* = —log s*
€

Lemma 8. The real part of S* converges weakly in H*(G) to zero as A —
1-0.

Proof. We have
x
2

1 d
/|VSA|2dx:—2/ v d g%/WSAFdx
G e Ja || e Ja

4C [ 1082 4C s
== ‘7 de = — 5
& Jal 9% & S\ (B0 OF

A A
< & (\89 ‘2 0™ |2

= - <
FEARRICE )dx—CQ’

2

dx

where we successively used the pointwise bound 1/|s*|> < C, formula (6.1),
property (6.14), the bound |yex| > |agn| > 1/4 in G\ag}l(Bl/Ll(O)), and (5.28)
together with the first bound in (6.13). The real part S7 of S satisfies S} = 0
on 99, therefore, after subtracting the mean value (S3) from the imaginary

part, we get

18 ~ () a0y < C.

Thus, up to extracting a subsequence,
SA —i(Sy) — S weakly in H'(G;C),

where S € H'(G;C) and its real part vanishes on 92 and takes constant
values on Jw while the imaginary part has zero mean over G. On the other
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hand

[ e (5= 15 pe
G\agyl (B1/4(0)) 9z [vex [P
<5 L5+ ) e

and according to (5.32) and the second bound in (6.13) the right hand side

tends to zero as A — 1 — 0. Thus
oS
0z

It follows that exp(S) : G — C is a holomorphic map, |exp(S)| =1 on 012,

| exp(S)| = const on dw and deg(exp(S), 0N) = deg(exp(S)/| exp(S5)|, dw) =
0 (since the imaginary part of S is a single valued function). Thus, by (6.15),

1 2
—/ |VeXp(S)|2dx:2/‘an—p<S)‘ da =0, (6.16)
2 G G 82

where we have used formula (6.1). Hence S =0 in G, because (6.16) implies
that S is a constant while the real part of S vanishes on 0¢2 and its imaginary
part has zero mean. Il

=01in G. (6.15)

Lemma 8 implies the convergence of traces, |S*| — 0 on dw, i.e. log |0 —
log [vex| = o(e), and also, by the Sobolev embedding, the convergence of
S* = Llog(|0* — 9*/]7ea]) in LY(G) to zero for every ¢ > 1. Lemma 3 is
proved. O

7. Near boundary vortices and d-like behavior of currents

In this section we analyze the behavior of vortices of minimizers as A —
1 — 0 and describe the effect of d-like concentration of currents on the outer
boundary of G.

First we show

Lemma 9. For 0 < A < 1 sufficiently close to 1, u? has a unique zero
(vortex) £ and dist(€}, €}) = o(dist(£*, 0G)), where £ is the unique zero of
0> defined through (5.21)-(5.22). Moreover, there is jig > 0 such that

[ > po in G\a '(B12(0)), (7.1)

where agx is the conformal map given by (5.6) with & = &*.
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Proof. Recall that v = ¢#*/2(0* + w*) and @ — 0 uniformly on G (cf.
(5.20)). It follows from (5.30) and (i) of Lemma 3 that for A — 1 — 0 we
have [u*] > C(|yer| —€) > C(lag| —€) > C(1/2 —¢) in O "(Bi/2(0)), where
C' is some positive constant 1ndependent of A. This shows (7.1).

In order to study local (in ag, '(B1/2(0))) behavior of u* we perform the
rescaling & — ( = ag(z). Set U)‘(C) uMa; O LQ)), ©r¢) = (9’\(%}1((’)) and
WA(C) = w(a O 1(¢)). Note that (5.23) can be written as

00*  ouw
Auw = g{\(g + BE ) + gocurl A* + g3

with coefficients g3 whose L>-norms are uniformly in A bounded (this follows
from results in Section 5, cf. (5.15), (5.20), (5.21) and the second bound in
(5.8)). We will show below that the L®-norm of curlA* is also uniformly
bounded. Thus we get after rescaling the above equation, for A sufficiently

close to 1,
00r WA
AW < Chdist (€}, 09 _
AW < Cudist(6. 09| + 7
where we have used the obvious bound |V (a D) < Cdist (€}, 09Q) in Bsj4(0).

The behavior of ® when A — 1 — 0 is already examined in Section 6,
and we know that (up to multiplication on a constant with modulus one)
©*(¢) — ¢ in C*(B3/4(0); C) for every k > 0. By (5.30) we also know that
|‘W)\HH1(BS/4(O);(C) < HWAHHl(a&)\(G); ¢ = 0as A — 1—0. It follows from
(7.2), by elliptic estimates, that W* — 0 in H (Bs/4(0); C). In particular,
||W)\||W1,q(B2/3(0);(C) — 0 for every ¢ > 1. Then (7.2) restricted to By/3(0)
implies that ||W)\HW274(BU2(O);C) — 0 (Vg > 1), therefore |[W?| ¢ (By/5(0):C) —
0 . Thus ©* 4+ W has exactly one zero in By 5(0) which tends to the origin
as A — 1 —0, that is ut = (292’”2(6A + w?*) does have a unique zero &
and agn(€) — 0. By an explicit computation this yields dist(£*, &) =
o(dist(&}, 0@G)). O
Lemma 10. We have (i) ||h|p@) < C, (i) 22 < 0 on 89, (i) h*
converges to zero weakly in H'(G) as A — 1 — 0.

Proof. (i) We assume hereafter that the minimizer (u*, A*) is in the Coulomb
gauge (2.2). Take curl in (2.5) to get the equation

—Ah = zg—;‘l A 2—1;2 — curl(ju*|24%) in G, (7.3)

+ Codist® (€3, 09) in Bs(0), (7.2)

31



we also have the following boundary conditions
h =0 on 99 and h = h} on dw. (7.4)

We can represent h* as b = h) + h) with h} solving Ak} = curl(Ju?|2A*)
in G subject to the boundary conditions A3 = 0 on dQ and h) = k) on dw.
According to (5.3) and bound (5.8) we have |hj}| < C and ||A*||poar2) < Cy,
Vg > 1, where C, is independent of A. Therefore, by elliptic estimates,
the norm Hil%”wl,q(G) is uniformly in A bounded. This in turn implies the
uniform boundedness of ||fL§||C(@), thanks to the compactness of the em-
bedding W4(G) ¢ C(G) for ¢ > 2. We next consider A} which satisfies
—Aﬁi\ = 2% A % in G and zero boundary conditions on dG. Applying a
result from [21] (see also [7]) we have ||2|m(q), |2} ze(@) < ClluM 3 gy
so that the required L>-bound follows from the fact that ||[u*|| gy < C
(cf. Section 5).

To demonstrate (iii) we just note that the weak convergence of h* fol-
lows from (5.8),(5.13) and (5.14), since we already know that ||h*| s (q) is
bounded.

To prove (ii) it suffices to show that h* > 0 in G (h* = 0 on 99). For
this purpose we derive from the pointwise equality j» = —V*h, dividing it
by |u*| and than taking curl, that

1
jur?

—div( Vi) +h* =0 in {z € G; |u*(z)| > 0}. (7.5)
Let 1 > p > 0 be a regular value of [u*| (by Sard’s lemma almost all p € (0,1)
are regular values of |u*]), and let 2y be a minimum point of A* on the closure
of G, = {z € G;u*(x)| > p}. Assume by contradiction that h*(x) < 0.
Then by the maximum principle applied to (7.5) the point xy cannot be in
the interior of G,. It cannot also be on dw, otherwise h*(zy) = h} < 0 and
therefore

on A A A
—ds=— [ 7% -7ds=—2mdeg(u",0w)+ [ A*-7Tds
Ow Ow

:/Mmzwm<q
thus h*(zo) is not a minimal value of A* in G,. Similar computations show
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that, if |u*(zo)| = p then

1 on*
- —ds =27+ / hAde, (7.6)
P = OV juhl<p

where we have used the fact that the sum of degrees of u*/p over connected
components of d{x € G;|u*(x)| < p} is 1. Assuming p — 0 in (7.6) we again
get a contradiction, therefore h* > 0 on G, when p is sufficiently small. Thus
h* > 0in G. ]

Next we study the asymptotic behavior of currents j*. According to (iii)
of Lemma 10, j* — 0 weakly in L?(G;R?) as A — 1 — 0. One can also show
that the convergence is uniform on compacts in G. Hence the currents on
the boundary are of special interest to us.

Lemma 11. Let & — & (€ 09, ¢f. Lemma 3) as A — 1 — 0, along a
subsequence. Then j» - T — 2m0g« in D'(00Q), where &g« stands for the Dirac
delta centered at &*.

Proof. From (ii) of Lemma 10 we know that 4% -7 > 0. Hence the total
variation of the measure j* - 7ds is

/ §* - 7ds = 2rdeg(u’, 0Q) — / hrdx = 21 — / h* da,
o0 Q Q
and, by (iii) of Lemma 10, it tends to 27. Therefore it suffices to show that

/ dj* - 7ds — 0 YO € C*(99Q) such that ® = 0 in a neighborhood of £*.
o0

Let ® be extended into G to have ® € C'(G), ® = 0 on dw and in GN B,(£*)
for some p > 0. Assume that A is so close to 1 that agf(Bl/g(O)) C B,(&%),

then, by Lemma 9, [u*| > uo > 0 in G\ B,(£*). Multiply (7.5) by @ to get
after integrating over G \ B,({"),

oh? 1
- dit - = d— ds = Vo -VhA+ 1o .
/ag 7ords /aQ v ds /G<’U)‘|2 ek >d$

The right hand side of this equality tends to zero as A — 1 — 0, since
ﬁVQD — V& strongly in L?(G;R?), while h* — 0 weakly in H(G). 0

Remark 3. A reasoning similar to the proof of Lemma 11 shows that j» — 0
in D'(0w) as X — 1 —0. (This is due to the fact that u* has a unique vortex
approaching OS2 in the limit.)
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8. Explicit formula for energy bounds

The right hand side I(£, A) in the upper bound (3.14) can be equivalently
rewritten as

a¢£ 1_)\ 2¢5 2
— Tt —— S —1 1
HeN =m+ g (| Gfas) =52 [ (acPers —1pan, 1)

where ¢ is the unique solution of

—A¢e =1 — |ag(2)?e” in G
¢e =0 on 01 (8.2)
¢ = —log |ag(2)[* on dw,

ag(z) is given by (3.6) with F being a fixed conformal map from € onto
the unit disk. Indeed, the solution ¢, of (3.3)-(3.4) and ¢ are related by
e = ¢¢ — 0¢, where ¢ = log |ve/ae| (Aoe =0 in G). Note also that

/ 90 4o / D¢ ds.
Ow Ow
since o¢ satisfies (3.7).

The following lemma proves the explicit asymptotic formula (3.15).

Lemma 12. Let £ € G and let & = £*(§) € 0N to be the nearest point
projection of & on 02. Then for sufficiently small 6 = dist(§,0N2)

0¢5d . 68V

(i) v 5 (&) 4 0(0), where V' is the solution of (1.4),

(1) /(|a§|26¢5 —1)?dx = 876%|log 6| + O(6?).
G

In the proof of both statements of Lemma 12 we will make use of the
following formulas, as & — 0f2

| (1 lagf) o = 878 |10z + O(1). 53)
[ (1= 1oy = 000) 5.4
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where ¢ is the distance from £ to 9€2. We postpone the proof of these formu-
las and proceed to the

Proof of (i) of Lemma 12. We first show that
/ 8¢5d = / 0% —=ds +0(d) as 6 — 0, (8.5)
Oow Ow

where ¢; is the unique solution of the auxiliary linear problem

—A¢f 4 ¢f =1 — |ag(2)]* in G
¢¢ =0 on 9N (8.6)
¢r = —loglag(2)]* on dw.
We claim that
|pellce < Cd as o — 0. (8.7)
This implies the bound

| = Ao — 62) + (J¢ — 8 = et — lagl?) + laclP(1 = % + Ge) |2y
< 01— lagl 112 + C3* < C18%(|log 6] + 1),

where we have used (8.3). Since ¢¢ = ¢; on JG, we can easily derive (8.5)
by standard elliptic estimates.

Proof of Claim (8.7). Due to (8.2) we have —A(¢¢ + log|ag(2)]?) = 1 —
lag(2)|%e% in G\ B,(€) for every r > 0. By applying the maximum princi-
ple to this equation, we conclude that ¢¢ < —log|a¢(z)]* in G. The latter
inequality implies that 1 — |a¢(2)[?e® > 0. Hence, we can apply the max-
imum principle once more to (8.2) to conclude that ¢ > 0 in G. Thus,
0 < 1—Jag(2)]?e?s <1 — |ag(2)]®. On the other hand, a direct computation
shows that

2 2 [F(2)P? -1
1 —Jag(2)[" = (|F ()] 1)|f( \FO) 1P S P

This allows us to estimate LP-norm of the right hand side of (8.2) for every
1 < p < 2 and next obtain, by standard elliptic estimates, that

| pellwe2rey < C(p)d as § — 0.

as d — 0. (8.8)

By using the Sobolev embedding the required result (8.7) follows. U
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Remark 4. In the proof of Claim (8.7) we showed that |a¢le’s < 1 in G,
therefore |yele?s <1 in G (since ¢ = ¢¢ — log|ve/ael).

Proof of (i) of Lemma 12 completed. Now multiply the equation in (8.6) by
V' (the unique solution of problem (1.4)) and integrate by parts to get

a¢€ 2 20V
/8w 5 dS—/G(l—\ad )V—/awlogkzg] Eds (8.9)

On the other hand, since Alog|ag|? = 4md¢(x) in Q and log |ae|? = 0 on 99,
we have

ov
AV (€) :/log|a§|2Vd:E~|—/ log]a§|26—ds (8.10)
G Ow v

By adding (8.9) to (8.10), we obtain

/ ¢5ds =4n(V (&) -V (§)) + / (log|ag|* + 1 — |a¢[*)Vda.
Ow G

Thus, in view of (8.5) it remains only to show that the last term in the above
equality is of order o(d). To this end we split it as

/(log|a§|2+1— ]a5|2)de:/ +/ e L4 D
G G\B /5(6%) GNB /5(£*)

According to (8.8) we have |log(1 — 1 + |ag]?) + 1 — |ag|*| < C6?*/|x —
£ ? in G\ Bg(&*), therefore I = O(6?) (note that |V (z)| < Clo — &*]);
while I, = O(6%2|1logd|), that can be verified by using the obvious bound
|log |ag|? + 1 — |ag|?| < C(Jlog |z — £]| +1). Statement (i) is proved. O

Proof of (i) of Lemma 12. Integrating the identity
(lagl*e? —1)* = (lag|* — 1) + 2lag|*(e% — 1)(lagf* — 1) + |agl*(e* — 1)°

over G we use estimates (8.3), (8.4), (8.7) and the Cauchy-Schwarz inequality
to establish the following

/(|a5(z)\26¢ — 1)z = /(\a(z, O))? — 1)%dz + O(6°) = 876%| log §| + O(5?).
G €

Thus Lemma 12 is completely proved. O
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Calculation of (8.3) and (8.4). For brevity we show only (8.3) (the demon-
stration of (8.4) follows the same lines). Perform the change of variables
¢ = F(x) to get, after simple computations,

d¢
1—|a\22d1::/ 1= e 2)?
/G( ¢l Bl(O)\}'(w)( @) JacF ()

1 2 2
~ JacF(©) /Bl(o) (1= Imre(Q[*) d¢+ 0@ (8.11)

where m,(z) = (z — p)/(j1z — 1) is the classical M&bius conformal map from
the unit disk onto itself. The integral in the right hand side of (8.11) can be
calculated explicitly. We obtain, by using the coarea formula twice,

dH!
(Im 2-1) de—/ dt/ =
/Bl (=) S mmu( I

/ 2d/d7/mm| R e
_ /0 (12 — 1)%d (area(m (B,(0)))).

Note that the inverse conformal map m,,*(z) coincides with m,,(z). Moreover,
the inverse image mgl(Bt(O)) of the disk B;(0) is the disk B,(y) with the
radius 7 = ¢(1— |p|?) /(1 —t?|pu|?) and the center at y = pu(1—12)/(1 —t2|u|?).
Therefore we get, after integrating by parts,

1 2\4+2 142

(1 — 2)e2dt
(I (2)? = 1)%dz = 2(1 — |H|2)27T/ TREIRTIVE
/Bl(o) ! o (1—1t2uf?)?

and elementary calculations lead to the following asymptotic formula, as
luf—1-0

/B o (1= Imu(Q))?)*d¢ = 27(1 — [u*)*(log(1 = |u*)| + O(1)).  (8.12)

Finally, by the conformality of F we have
(1= |[F(©]?)? = 46°JacF (&) + O(8°). (8.13)
Thus (8.11), (8.12) and (8.13) yield (8.3). O
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Lemma 12 allows us to rewrite the lower bound (5.1) of Lemma 2 in the
form

m(\) = Fyfut, A > +—52 N

—md%(1—\)|log 6](140(1))+o0(6%),

(8.14)
as A — 1 — 0, where é* is the nearest point projection on 02 of the point
&N and 0 = dist(£},09Q) (6 = §(\) — 0). Recall that the point £&* € G was
defined in Section 5 as the unique zero of the auxiliary map 6* constructed
by means of u* and A*. By Lemma 9 we can redefine £* as the unique zero
(vortex) of u* so that (8.14) remains valid. On the other hand, by (3.14),
(8.1) and Lemma 12,

%

m(\) < I(€,\) = —52 A)(6%] log 8] + O(82)) + 0(5?),

(8.15)
where 5 is an arbitrary point on 99 and § > 0 is a small parameter (5 is the
nearest point projection on dQ of € € G and 0 = dist(&, dQ)). It follows from
(8.14) and (8.15) that, as A — 1 —10

(2) & = exp (=g Se (E (1 + o(1)));

(b) %_‘lf(é/\ﬂ? — Mg, where Mg = min{|%(é)|23€ € 0Q}(> 0).

’(?y ’ —n(l-

Thus we have, in particular, that the unique zero (vortex) of u* converges
(up to extracting a subsequence) to a point minimizing |%—‘:\2 on 0f). This
completes the proof of Theorem 1.
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